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Abstract
This paper is devoted to the study of Poisson structures on the Eu-
clidean four dimensional space R4. By using the properties of the trace
operator associated to a volumen form and the elementary vector calculus
operations in R3, we give explicit formulas for the main geometric objects
associated to the Poisson structures in R4, including its characteristic foli-
ation, the Hamiltonian and Poisson vector fields, normal forms and some
useful decomposition formulae for Poisson tensors. We also discuss the
class of unimodular Poisson structures and give two results about the ex-
istence of Poisson structures having as its characteristic foliation a given
arbitrary regular foliation.
1 Introduction
In the last fifty years, Poisson geometry has been an important field of research
in differential geometry and mathematical physics for its relevance in the mathe-
matical foundations of classical and quantum mechanics. These geometric struc-
tures are associated to the existence of contravariant antisymmetric 2-tensors
satisfying the so called Jacobi equation. The Poisson tensors, or solutions of the
Jacobi identiry, define a generalized integrable vector field distribution in the
sense of Sussman [17] decomposing the total space into a family of symplectic
manifolds fitting in a smooth manner.
For low dimensional vector spaces, one can find in the literature several
papers devoted to the study of Jacobi equations, Poisson geometry and Hamil-
tonian dynamics. For the tridimensional case, see for example, [5], [7], [8], [13],
[21]. In dimension four, the classification of linear and quadratic Poisson tensors
has been done in [10] and [16]. In this article, we study from a general point
of view the Poisson structures on the four dimensional euclidean space R4. We
give explicit formulas for the different quantities and structures associated to a
Poisson tensor on R4 by using the trace operator properties and the elementary
operations of vector calculus. In particular, we study constant rank Poisson
structures and those preserving a given volume form. We discuss the auto-
morphisms and infinitesimal symmetries for Poisson tensors, focusing on the
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modular Poisson vector field and its role on the preserving volume properties
of Hamiltonian vector fields. We include various useful decomposition formulas
for Poisson tensors extending some given results in the literature used to clas-
sify linear and quadratic Poisson structures. Finally, we show that any regular
distribution in the sense of Frobenius corresponds to the symplectic foliation of
some Poisson structure. In particular, it the foliation is given by level sets of
two independent smooth functions, then the Poisson structure has a maximal
basis of infinitesimal automorphisms, transversal to the symplectic foliation.
The paper is organized as follows: In Section 2, we introduce the trace op-
erator on orientable manifolds, discussing its main properties and its relation
with the Schouten calculus for contravariant antisymmetric tensor fields. We
give explicit formulas for its action on the different contravariant antisymmetric
tensors in R4. In Section 3 we introduce the fundamental concepts on Poisson
structures and its particular expressions on the vector space R4. We also derive
some explicit formulas for the different quantities associated to Poisson tensors
on R4, by using the elementary vector calculus operations for three dimensional
vector functions. Besides that, we present some important classes of Poisson
tensors. In Section 4, we study the group of symmetries of a Poisson tensor and
its infinitesimal generators, introducing the modular vector field and the class
of unimodular Poisson tensors. In Section 5 we give some interesting decom-
position results for Poisson tensors in R4 by applying the particular properties
of the trace operator on orientable manifolds. Finally, in Section 6, we study
the regular Poisson structures on R4 and show that any regular 2-dimensional
distribution on R4, in the sense of Frobenius, is the characteristic foliation of
a regular Poisson structure. Furthermore, in the particular case of foliations
given by level sets of independent global smooth functions, the Poisson struc-
ture possesses a maximal algebra of transversal Poisson vector fields.
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2 The trace operator
Let M be a smooth, orientable m−manifold and Ω a volume form on M . For
k = 0, 1, · · · ,m denote by V k(M) the space of antisymmetric contravariant k-
tensor fields on M . The trace operator D relative to the volume form Ω, is
an operator defined on the space of contravariant tensor fields on M . For a
k−tensor field A ∈ V k(M), D(A) is the unique (k − 1)−tensor field defined by
diAΩ = iD(A)Ω. (1)
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Here, iA is the usual interior product operator on tensor fields. The trace
operator was introduced by Koszul in [12] and it is also called t he curl operator
or divergence operator [2], [5].
We have the following formulae for the different contravariant tensor fields
on M :
(a) If X is a vector field on M , then D(X) is the smooth function defined by
the relation
D(X)Ω = diXΩ = LXΩ.
(b) For any vector fields X , Y on M , we have
D(X ∧ Y ) = [Y,X ] +D(Y )X −D(X)Y (2)
(c) If A ∈ V p(M) and B ∈ V q(M), then
D(A ∧B) = (−1)qD(A) ∧B +A ∧D(B) − (−1)q+p[A,B] (3)
where [A,B] denotes the Schouten bracket between contravariant anti-
symmetric tensors. Recall that for undecomposable p and q-vector fields
on M , the Schouten bracket is defined by
[X1 ∧ · · · ∧Xp, Y1 ∧ · · · ∧ Yq] = (−1)
p+1
∑
i,j
(−1)i+j [Xi, Yj ] ∧X1 ∧ · · ·
· · · ∧ X̂i ∧ · · · ∧Xp ∧ Y1 ∧ · · · ∧ Ŷj ∧ · · · ∧ Yq,
where X̂i and Ŷj are deleted in each summand, see [18].
(d) For A ∈ V p(M) and B ∈ V q(M)
D([A,B]) = (−1)q[D(A), B] + [A,D(B)]. (4)
(e) The trace operator D is a cohomology operator
D2 = 0. (5)
If a p-tensor A is in the kernel of the trace operator, we say that A is a zero
trace tensor. In particular, the flow of a zero-trace vector field preserves the
volume form Ω. In the case of a zero trace 2-tensor Λ, the vector field [f,Λ] is
a zero-trace vector field for each smooth function f . Moreover, the trace of the
Schouten bracket of zero-trace tensors is, again, a zero trace tensor.
If we consider another volume form Ω˜ = fΩ with f 6= 0, then the corre-
sponding trace operator D˜ is related with D through the following relation
D˜(A) = D(A)− (−1)
p
[ln(| f |), A], ∀ A ∈ V p(M). (6)
For more information about the trace operator see [2], [5], [11].
3
Remark 1 If L =
n∑
i=1
xi ∂
∂xi
is the Euler vector field on Rn and A is a k-
homogeneous 2-tensor A on Rn, then, [A,L] = (k − 2)A, and the following
decomposition formula holds
A =
1
n+ k − 2
(D(A ∧ L) +D(A) ∧ L). (7)
Decomposition formula (7) has been used in [10] and [16], to classify quadratic
and linear Poison tensors on R4, respectively.
Now, consider R4 with global coordinates (x, y) = (x1, x2, x3, y). In what
follows, in order to write down the different geometric quantities on R4, we will
use the operations ×, ·, ∇, div, rot of elementary vector calculus on the three
variables x = (x1, x2, x3) and for any smooth vector function X = (X1, X2, X3)
on R3, we denote by X ∂
∂x
the vector field
X
∂
∂x
= X1
∂
∂x1
+X2
∂
∂x2
+X3
∂
∂x3
,
and by X ∂
∂x
∧ ∂
∂x
the 2-tensor
X
∂
∂x
∧
∂
∂x
= X1
∂
∂x2
∧
∂
∂x3
+X2
∂
∂x3
∧
∂
∂x1
+X3
∂
∂x1
∧
∂
∂x2
,
With this notation we give the following formulae for the value of the trace
operator D on R4 relative to the canonical volume form
Ω = dx ∧ dy = dx1 ∧ dx2 ∧ dx3 ∧ dy.
(a) For a 4-tensor A = f ∂
∂x1
∧ ∂
∂x2
∧ ∂
∂x3
∧ ∂
∂y
,
DA =
∂f
∂y
∂
∂x1
∧
∂
∂x2
∧
∂
∂x3
−∇f
∂
∂x
∧
∂
∂x
∧
∂
∂y
(b) For a 3-tensor A = g ∂
∂x1
∧ ∂
∂x2
∧ ∂
∂x3
+Σ ∂
∂x
∧ ∂
∂x
∧ ∂
∂y
, we have
DA =
(
∇g +
∂Σ
∂y
)
∂
∂x
∧
∂
∂x
− rot(Σ)
∂
∂x
∧
∂
∂y
(c) For a 2-tensor A = Ψ ∂
∂x
∧ ∂
∂x
+Φ ∂
∂x
∧ ∂
∂y
, we have
D(A) =
(
rot(Ψ) +
∂Φ
∂y
)
∂
∂x
− div(Φ)
∂
∂y
(d) For a vector field X =W ∂
∂x
+ b ∂
∂y
D(X) = div(W ) +
∂b
∂y
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3 Poisson structures on R4
On R4 with global coordinates (x, y) = (x1, x2, x3, y), any antisymmetric con-
travariant 2-tensor Λ takes the form
Λ = Ψ1
∂
∂x2
∧
∂
∂x3
+Ψ2
∂
∂x3
∧
∂
∂x1
+Ψ3
∂
∂x1
∧
∂
∂x2
+ (8)
+ Φ1
∂
∂x1
∧
∂
∂y
+Φ2
∂
∂x2
∧
∂
∂y
+Φ3
∂
∂x3
∧
∂
∂y
,
for smooth functions Ψi,Φi on R
4 and i = 1, 2, 3.
If we consider the vector functions Ψ = (Ψ1,Ψ2,Ψ3) and Φ = (Φ1,Φ2,Φ3),
we can identify the 2-tensor Λ with the pair (Ψ,Φ) and write (8) in the simplified
notation
Λ = Ψ
∂
∂x
∧
∂
∂x
+Φ
∂
∂x
∧
∂
∂y
. (9)
Each antisymmetric contravariant 2-tensor Λ defines a morphism
Λ# :
∧
1(R4)→ V 1(R4)
between the space of differential 1-forms and the space of vector fields on R4.
The value of Λ# on a 1-form α = Adx + b dy on R4 is the vector field
Λ#(α) = (Ψ×A− bΦ)
∂
∂x
+A · Φ
∂
∂y
(10)
Any contravariant 2-tensor Λ define a bilinear operation on the space of smooth
functions on R4 with values on the same space of smooth functions given by the
bracket
{f, g} = dg(Λ#(df)). (11)
In terms of the vector functions Ψ and Φ we have
{f, g} = Ψ · ∇f ×∇g +Φ ·
(
∂f
∂y
∇g −
∂g
∂y
∇f
)
. (12)
A contravariant antisymmetric 2-tensor Λ is called a Poisson tensor or a
Poisson structure on R4 if the bracket (11) satisfies the Jacobi identity
{f, {g, h}}+ {h, {f, g}}+ {g, {h, f}} = 0, (13)
for any smooth functions f, g, h on R4. In this case, the bracket (11) is called
the Poisson bracket associated to the Poisson tensor Λ. A 2-tensor Λ satisfies
the Jacobi identity (13), if and only if the vector functions (Ψ,Φ) are solutions
of the equation
Ψ ·
(
rotΨ +
∂Φ
∂y
)
=
∂
∂y
(Ψ · Φ), (14)
Φ×
(
rotΨ +
∂Φ
∂y
)
+ (div Φ)Ψ = ∇(Ψ · Φ). (15)
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Therefore, we can identify the Poisson tensors on R4 with solutions of (14), (15).
In a general smooth manifold M , the Jacobi identity (13), is equivalent to
the equation
[Λ,Λ] = 0. (16)
For orientable manifolds we have, from (3), that a 2-tensor Λ is a Poisson tensor
if and only if
D(Λ ∧ Λ) = 2Λ ∧D(Λ). (17)
Moreover, if Λ is a 2-tensor on M and we consider the (m − 2)−form ω given
by
ω = iΛΩ, (18)
then Λ is a Poisson tensor if and only if
d(iΛω) = 2iΛdω. (19)
Given a Poisson tensor Λ on R4 and a smooth function H , the vector field
XH = Λ
#(dH) =
(
Ψ×∇H −
∂H
∂y
Φ
)
∂
∂x
+∇H · Φ
∂
∂y
, (20)
is called the Hamiltonian vector field with Hamiltonian function H . Using the
properties (3) of the trace operator, the Hamiltonian vector field XH satisfies
iXHΩ = −dH ∧ iΛΩ.
In particular for Poisson structures on R4, the Hamiltonian vector fields with
Hamiltonian functions H1 = −y and H2 = Φ ·Ψ are, respectively,
XH1 = Φ
∂
∂x
and XH2 = (Ψ · Φ)
((
rot(Ψ) +
∂Φ
∂y
)
∂
∂x
− div(Φ)
∂
∂y
)
.
In the case when div(Φ) = 0, the Hamiltonian vector fields X−y and XΨ·Φ
commute.
The Jacobi identity for the Poisson bracket (11) endows the space of smooth
functions with a Poisson algebra structure, which is homomorphic to the Lie
subalgebra of Hamiltonian vector fields
[Xf , Xg] = X{f,g}, ∀ f, g ∈ C
∞(R4). (21)
Thus, the space of Hamiltonian vector fields define an integrable generalized
distribution of vector fields in the sense of Sussman [17] and the total space
R
4 is foliated by leaves of (possible different) even dimension. This foliation is
called the characteristic foliation of Λ and each leaf L is a submanifold equipped
with a symplectic structure given by the 2-form
ωL(Xf , Xg) = {f, g}
∣∣
L
. (22)
The characteristic foliation is also called the symplectic foliation of the Poisson
structure.
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Relative to a given Poisson tensor Λ on R4, a smooth function k is called a
Casimir function if Λ#(dk) = 0. Moreover, k is a Casimir function if and only
if (
Ψ×∇k −
∂k
∂y
Φ
)
= 0 and ∇k · Φ = 0. (23)
The Poisson bracket of a Casimir function with any other smooth function
vanishes. Therefore any Casimir function is a first integral of any vector field
Λ#(ω), where ω is an arbitrary 1-form in R4.
In terms of the associated 2-form ω (18) k is a Casimir function if and only
if
dk ∧ ω = 0. (24)
The rank of the Poisson tensor Λ = (Ψ,Φ) is constant on the points of
each symplectic leaf. The classification of the symplectic leaves, according to
its dimension, is given by the following
Proposition 2 If p = (x, y) ∈ R4, the rank of a Poisson tensor Λ = (Ψ,Φ) at
p, given by (9), takes the following values
rank Λ(p) =


0 if and only if (Φ2 +Ψ2)(p) = 0
2 if and only if (Φ2 +Ψ2)(p) 6= 0 and (Φ ·Ψ)(p) = 0
4 if and only if (Φ ·Ψ)(p) 6= 0
Moreover, the characteristic foliation of Λ has the open sets
S+ =
{
(x, u) ∈ R4 | Φ ·Ψ > 0
}
and
S− =
{
(x, u) ∈ R4 | Φ ·Ψ < 0
}
,
as its 4-dimensional symplectic leaves and its boundary
∂S =
{
(x, u) ∈ R4 | Φ ·Ψ = 0
}
,
is foliated by 2-dimensional and 0-dimensional symplectic leaves. Notice that a
point p belongs to a singular symplectic leaf if (Φ ·Ψ)(p) = 0 and d(Φ ·Ψ)(p) 6= 0.
Example 3 The solutions of Jacobi equation with Φ = 0 define a parametrized
family of three dimensional Poisson structures where the parameter y can be
considered as new variable commuting with all functions.
Example 4 The linear solutions (Ψ,Φ) of the Jacobi equation (14), (15) take
the general form
Ψ(x, y) =Mx+ p× x+ yα, (25)
Φ(x, y) = Nx+ q × x+ yβ, (26)
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where M and N are symmetric 3 × 3 matrices and p, q, α, β ∈ R3 satisfy the
equations
2Mp = Nα− q × α
2α · p = α · β
(2M + Λ ◦ β)(N + Λ ◦ q) + (N − Λ ◦ q)(2M − Λ ◦ β) = 2Tr(N)M
Tr(N)β = N(2p+ β) + q × (2p+ β)
(TrN)α−Mβ − p× β = Nα− q × α.
Example 5 The characteristic foliation of the linear Poisson bracket
Λ = 2x1
∂
∂x2
∧
∂
∂x3
+
1
2
x1
∂
∂x1
∧
∂
∂y
+
1
4
x2
∂
∂x2
∧
∂
∂y
+
1
4
x3
∂
∂x3
∧
∂
∂y
consists of:
(a) Two 4-dimensional symplectic leaves: L1 = {(x, y) | x1 > 0} and L2 =
{(x, y) | x1 < 0}.
(b) The boundary {(x, y) | x1 = 0} is a submanifold foliated by 2-dimensional
symplectic leaves of the form {x1 = 0, bx2 − cx3 = 0, bc 6= 0}, and zero
dimensional leaves given by the points (0, y).
In particular, the 2-dimensional symplectic leaves are given by intersection
of the level set of k =
x2
x3
with x1 = 0.
The Hamiltonian vector fields take the form
Xf =
(
−2x1
∂f
∂x3
+
1
4
x2
∂f
∂y
)
∂
∂x2
+
(
2x1
∂f
∂x2
+
1
4
x3
∂f
∂y
)
∂
∂x3
+
(
1
2
x1
∂f
∂x1
+
1
4
x2
∂f
∂x2
+
1
4
x3
∂f
∂x3
)
∂
∂y
.
If Λ is a Poisson tensor on R4 has a smooth global Casimir function k : R4 →
R, we have
dk ∧ iΛΩ = −i[k,Λ]Ω = 0,
and there exists a 1-form θ on R4 with
dk ∧ θ = iΛΩ. (27)
In this case, the Jacobi identity becomes
dθ ∧ θ ∧ dk = 0. (28)
Moreover, if we consider the 3-tensor T given by
θ = iTΩ,
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then Λ takes the form
Λ = [k, T ]. (29)
In global coordinates if θ = −Adx + fdy, with A = A(x, y) a smooth vector
function and f a smooth real function, then the Poisson 2-tensor Λ in (29) takes
the form
Λ =
(
f∇k +
∂k
∂y
A
)
∂
∂x
∧
∂
∂x
+ (A×∇k)
∂
∂x
∧
∂
∂y
, (30)
and the condition (28) becomes((
∇f +
∂A
∂y
)
×A− f rot(A)
)
· ∇k −
∂k
∂y
(A · rot(A)) = 0. (31)
Similarly, for those Poisson structures Λ having 2 independent global Casimir
functions k1, k2 , we have
fdk1 ∧ dk2 = iΛΩ
for some smooth function f . In this case, the Poisson tensor Λ has the form
Λ = f
(
∂k2
∂y
∇k1 −
∂k1
∂y
∇k2
)
∂
∂x
∧
∂
∂x
+ f(∇k1 ×∇k2)
∂
∂x
∧
∂
∂y
. (32)
Example 6 The linear Poisson tensors Λ having as Casimir function the ho-
mogeneous polynomial of degree two k1 =
1
2x
TPx+(α·x)y+ 12by
2, with P = PT ,
α ∈ R3 and b ∈ R, take the form
Λ = (c(Px+ yα) + (α · x+ by)A)
∂
∂x
∧
∂
∂x
+ (A× (Px+ yα))
∂
∂x
∧
∂
∂y
where A ∈ R3, c ∈ R. In this case, we have another global Casimir function k2
given by the linear function
k2 = A · x− c y
For the general theory on Poisson structures, the reader can consult the
papers by A. Lichnerowicz [14] and A. Weinstein [19], or the books [5], [9], [13],
[18].
4 Automorphisms of Poisson structures on R4
Consider a Poisson tensor Λ = (Ψ,Φ) on R4. A diffeomorphism F : R4 → R4
with F (x, y) = (S(x, y), h(x, y)), where S : R4 → R3 and h : R4 → R are
smooth functions, is called a Poisson map if it preserves the Poisson tensor or,
equivalently, preserves the Poisson bracket
{f, g} ◦ F = {f ◦ F, g ◦ F} , ∀ f, g ∈ C∞(R4). (33)
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In terms of the vector functions (Ψ,Φ) associated to the Poisson tensor Λ, the
condition (33) is written as
Ψ(S(x, y), h(x, y)) = det(DxS)(D
−1
x S)
T (Ψ) +DxS(Φ)×
∂S
∂y
, (34)
Φ(S(x, y), h(x, y)) = −DxS(Ψ×∇xh) +
∂h
∂y
DxS(Φ)− (Φ · ∇xh)
∂S
∂y
. (35)
Here,DxS denotes the differential of S with respect to the variable x = (x1, x2, x3).
Remark that expression (35) is equivalent to
Φ(S(x, y), h(x, y)) = −DF (Xh), (36)
where Xh is the Hamiltonian vector field corresponding to function h(x, y) rela-
tive to the Poisson structure (Ψ,Φ). Notice that the function Φ·Ψ is transformed
into
(Φ ·Ψ) ◦ F = (detDF )(Φ ·Ψ).
In general, applying the transformation formulae (34), (35), the Poisson tensors
having a global Casimir function can be transformed to a normal form, as stated
by the following result.
Proposition 7 Any Poisson tensor Λ = (Ψ,Φ) on R4 having a global Casimir
function k with ∂k
∂y
6= 0 is transformed, under the diffeomorphism F : R4 → R4,
with F (x, y) = (x, k(x, y)), into the normal form
Λ˜ = Ψ˜(x,y)
∂
∂x
∧
∂
∂x
. (37)
The constructions of Poisson brackets on smooth manifolds with prescribed
Casimir functions has been studied in [3].
Given a Poisson tensor Λ, a vector field X = W ∂
∂x
+ b ∂
∂y
preserving the
Poisson structure is called an infinitesimal automorphism of Λ or Poisson vector
field. In terms of the Poisson bracket, X is a Poisson vector field if
LX {f, g} = {LXf, g}+ {f, LXg} , (38)
for any smooth functions f, g ∈ C∞(R), or equivalently,
[X,Λ] = 0. (39)
In terms of the trace operator, condition (39) reads
D(Λ ∧X) +D(Λ) ∧X −D(X) ∧ Λ = 0. (40)
Moreover, if Λ is a Poisson tensor and ω = iΛΩ, as in (18), then a vector field
X is a Poisson vector field if and only if
LXω = D(X)ω. (41)
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In R4 with global coordinates (x,y), the vector field X =W ∂
∂x
+b ∂
∂y
is a Poisson
vector field if and only if
∇(Ψ ·W )− (div W )Ψ−W × rot Ψ + b
∂Ψ
∂y
+
∂W
∂y
× Φ = 0, (42)
rot(Φ×W )− div(W )Φ + div(Φ)W +Ψ×∇b −
∂b
∂y
Φ+ b
∂Φ
∂y
= 0. (43)
The space of Poisson vector fields is a Lie algebra of vector fields.
For each Poisson structure Λ on an oriented manifold (M,Ω), the vector field
ZΛ = D(Λ) satisfies
[ZΛ,Λ] = 0. (44)
Thus ZΛ is a Poisson vector field called the modular vector field. If we take
on M another volume form Ω˜ = f Ω0 with f 6= 0, the corresponding modular
vector field Z˜Λ differs from ZΛ by a Hamiltonian vector field,
Z˜Λ − ZΛ = X− ln(|f |).
If Λ is a Poisson tensor on R4 (8), the modular vector field ZΛ takes the
form
ZΛ =
(
rot(Ψ) +
∂Φ
∂y
)
∂
∂x
− div Φ
∂
∂y
. (45)
Proposition 8 The modular tensor field ZΛ = D(Λ), associated to a Poisson
tensor Λ on an orientable manifold M , has the following properties:
1. For each Hamiltonian vector field XH we have:
D(XH) = LZΛH, (46)
[ZΛ, XH , ] = XD(XH ) (47)
where LZΛH denotes the Lie derivative of H along ZΛ.
2. The Lie bracket of a Poisson vector field W with the modular vector field
ZΛ is a Hamiltonian vector field with Hamiltonian function given by the
trace of W ,
[W,ZΛ] = XD(W ). (48)
From Proposition 8 we deduce the following facts:
(a) If the modular vector field ZΛ vanishes, then any Hamiltonian vector field
has zero trace. Reciprocally, if all Hamiltonian vector fields have zero-
trace, then the modular vector field vanishes.
(b) From (48), the Lie bracket of ZΛ with any other Poisson vector fieldW is a
Hamiltonian vector field. The trace of any Poisson vector field commuting
with the modular vector field ZΛ is a Casimir function.
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For Poisson tensors on R4, the modular vector field ZΛ has the following
additional properties:
(a) ZΛ is tangent to the level sets of Φ ·Ψ.
(b) The formula Λ#(d(Φ · Ψ)) = (Φ · Ψ)ZΛ holds and for each Hamiltonian
vector field with Hamiltonian function H, we have
(Φ ·Ψ)LZΛH = −LXH (Φ ·Ψ). (49)
Therefore, if H is a first integral of the modular vector field ZΛ, the
Hamiltonian vector field XH is tangent to the level set of the function
Φ · Ψ. On the contrary, at any point p ∈ R4 where (Φ · Ψ)(p) 6= 0 and
LZΛH(p) 6= 0, the Hamiltonian vector field XH is transversal to the level
set of Φ ·Ψ.
On a general orientable manifold M , a Poisson tensor Λ is called unimod-
ular if for some volume form Ω, the modular vector field ZΛ vanishes. The
unimodular Poisson tensors on R4 take the form
Λ = D(T ) (50)
where T is a 3-contravariant tensor
T = f
∂
∂x1
∧
∂
∂x2
∧
∂
∂x2
+Σ
∂
∂x
∧
∂
∂x
∧
∂
∂y
, (51)
where Σ is a smooth vector function and f a smooth function satisfying(
∇f +
∂Σ
∂y
)
· rot(Σ) = c, (52)
with c a constant.
Considering the 1-form θ defined by
θ = iTΩ = −Σdx+ fdy, (53)
we have
dθ = iΛΩ,
and condition (52) is equivalent to
dθ ∧ dθ = cΩ.
If the constant c is non-zero, the unimodular Poisson tensor is symplectic. If
c = 0, then Λ is a rank 2, regular Poisson tensor. The unimodular Poisson
tensors Λ on R4 take the form
Λ =
(
∇f +
∂Σ
∂y
)
∂
∂x
∧
∂
∂x
− rot(Σ)
∂
∂x
∧
∂
∂y
. (54)
The unimodular Poisson tensors Λ on R4 have the following properties:
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(a) The 2-form ω = iΛΩ is exact.
(b) The Poisson vector fields tangent to the symplectic foliation have zero
trace.
(c) The trace of a Poisson vector field transversal to symplectic leaves is a
Casimir function.
(d) For any 2-tensor Θ commuting with the unimodular Poisson tensor Λ, the
vector field D(Θ) is a Poisson vector field.
An example of unimodular Poisson tensors are those in R4 of the form
Λ = ∇G(x,y)
∂
∂x
∧
∂
∂x
Here, we have two global Casimir functions k1(x,y) = y and k2 = G(x,y).
Example 9 In R4 with the canonical volume form, the quadratic Poisson tensor
[10]
Λ = −x1x2
∂
∂x2
∧
∂
∂x3
+x1x3
∂
∂x3
∧
∂
∂x1
−yx1
∂
∂x1
∧
∂
∂y
−yx2
∂
∂x2
∧
∂
∂y
+yx3
∂
∂x3
∧
∂
∂y
has a modular Poisson vector field given by
ZΛ = −2x1
∂
∂x1
− x2
∂
∂x2
+ (2x3 + x1)
∂
∂x3
+ y
∂
∂y
. (55)
In this case, we have two open 4-dimensional symplectic leaves given by L =
{(x,y) | yx1x2(x1 − x3) > 0(< 0)}. The set of rank-two points (x,y) is{
(x,y) | yx1 = 0, y
2 + x21 6= 0, x2x3 6= 0
}
∪ {(x,y) | yx1 6= 0, x2 = 0}
∪ {(x,y) | yx1 6= 0, x1 = x3} ,
and the zero dimensional leaves are given by the points
{
(x,y) | y2 + x21 = 0
}
∪
∪{(x,y) |x = 0} ∪ {(x,y) | x2 = x3 = y = 0}.
The unimodular Poisson structures has been studied by A. Weinstein in [20].
5 Decomposition of Poisson structures
In this section, we present some useful results on the decomposition of Poisson
brackets on R4as a sum of some special 2-tensors. We recall that a pair of
contravariant antisymmetric 2-tensors A and B is called a Poisson pair if both
are commuting Poisson tensors, that is [A,A] = [B,B] = 0 and [A,B] = 0. In
this case, for any scalars λ, β ∈ R, the 2-tensor λA + βB is again a Poisson
tensor.
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Proposition 10 Let Λ = (Ψ,Φ) be a Poisson tensor on R4 and α = Adx+ady
and β = Bdx+bdy two independent 1-forms such that dα∧α∧β = dβ∧α∧β = 0
and β(Λ#(α)) = 1. Then Λ has the following decomposition
Λ = Λ#(α) ∧ Λ#(β)− (Ψ · Φ)S(α,β), (56)
where S(α,β) is the rank-two Poisson tensor given by
S(α,β) = (bA− aB)
∂
∂x
∧
∂
∂x
+ (A×B)
∂
∂x
∧
∂
∂y
. (57)
In particular, if there exists independent smooth functions f, g with {f, g} 6= 0,
then we have the decomposition formula
Λ =
1
{f, g}
Xf ∧Xg −
Ψ · Φ
{f, g}
S(df,dg), (58)
where
S(df,dg) =
(
∂g
∂y
∇f −
∂f
∂y
∇g
)
∂
∂x
∧
∂
∂x
+ (∇f ×∇g)
∂
∂x
∧
∂
∂y
. (59)
Remark 11 Notice that in (58), the 2-tensor S(df,dg) is also a Poisson tensor
and S(df,dg)(df) = S(df,dg)(dg) = 0. Moreover, if a Hamiltonian vector field
Xf is non-zero in some point p, then there exists a function h with {f, h} =
1, and [Xf , Xh] = 0 in some neigborhood of p. In this case, we have in the
decomposition formula (58), that the tensor Xf ∧Xh is a Poisson tensor. Thus,
locally, we have a decomposition of Λ as a sum of a Poisson pair in the form
Λ = Xf ∧Xh − (Ψ · Φ)S(df,dh). (60)
and we recover the classical local decomposition theorem by Weinstein [19].
Another type of decompositions of Poisson tensors on R4 are the following:
Proposition 12 For each Poisson tensor Λ = (Ψ,Φ) on R4 , as in (8), with
(div Φ) 6= 0, we have the decomposition
Λ = ZΛ ∧
(
Φ
div(Φ)
)
∂
∂x
+ Λ0, (61)
where
Λ0 =
1
div(Φ)
∇(Φ ·Ψ)
∂
∂x
∧
∂
∂x
is a Poisson tensor of constant rank equal to 2.
Corollary 13 If the Poisson tensor is linear with (Ψ,Φ) given by (25), (26)
and div Φ 6= 0, then the decomposition formula (61) can be rewritten as
Λ = ZΛ ∧ Σ
∂
∂x
+∇(Σ ·Ψ)
∂
∂x
∧
∂
∂x
, (62)
with Σ = 1divΦΦ. In this case, the two 2-tensors A = ZΛ ∧ Σ
∂
∂x
and B =
∇(Σ ·Ψ) ∂
∂x
∧ ∂
∂x
are a Poisson pair.
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For linear and quadratic Poisson tensors on R4, we recall the following results
given in [16] and [15], [21], respectively:
For linear Poisson tensor on a finite-dimensional vector space, applying for-
mula (3) we have
Λ =
1
3
(D(Λ ∧ L) + ZΛ ∧ L)
where L denotes the Euler vector field L =
n∑
i=1
x ∂
∂x
+ y ∂
∂y
.
If the Poisson tensor Λ is quadratic, then [Λ, L] = 0 and applying directly
formula (3) we obtain
Λ =
1
4
(
D(Λ ∧ L) + ZΛ ∧ L
)
. (63)
In the quadratic case L and ZΛ are commuting Poisson vector fields of Λ. More-
over, ZΛ ∧ L and D(A ∧ L) are commuting Poisson tensors and then, we have
a decomposition of Λ as a sum of a Poisson pair, one of them with zero trace.
Applying the decomposition formula (63), the quadratic Poissson tensors on R4
take the form
Λ = D(T ) +
1
4
X ∧ L,
where X is a linear vector field and T is cubic 3-tensor on R4 satisfying the
conditions
[D(T ),D(T )] = 0, [D(T ), X ] = 0, D(X) = 0. (64)
If we consider the 1-form θ = iTΩ, conditions (64) can be written in the equiv-
alent form
dθ ∧ dθ = 0, d(LXθ) = 0, D(X) = 0, (65)
Therefore, θ and X , satisfying (65), parametrize the quadratic Poisson tensors
on R4.
6 Regular Poisson structures on R4
A Poisson tensor is called regular if it has a constant rank. It means that
its characterictic foliation is a regular foliation in the sense of Frobenius. For
regular Poisson tensors on R4 we have two cases: one, when the rank of the
Poisson tensor is 4 and the foliation consists of only one leaf, and the other one,
when each symplectic leaf is two-dimensional.
The first case correspond to symplectic Poisson tensors. From Jacobi con-
ditions (14) and (15), a 2-contravariant tensor Λ = (Ψ,Φ) defines a symplectic
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structure on R4 if and only if
(Φ ·Ψ) 6= 0, (66)
div
(
Φ
Φ ·Ψ
)
= 0, (67)
∂
∂y
(
Φ
Φ ·Ψ
)
+ rot
(
Ψ
Φ ·Ψ
)
= 0. (68)
Thus, from conditions (66)-(68), the contravariant 2-tensor Λ = (Ψ,Φ) defines
a symplectic structure on R4 if and only if Φ · Ψ 6= 0. In this case, the 2-
tensor
1
Φ ·Ψ
Λ has zero trace and, on simply connected domains, tensor Λ takes
the form Λ = (Φ · Ψ)D(T ), where T is some contravariant 3-tensor. Here,
the modular vector field ZΛ is the Hamiltonian vector field with Hamiltonian
function H = ln(| Φ ·Ψ |).
Now, let us consider the Poisson structures Λ on R4 of rank equal 2. In this
case, we have Λ(x,y) 6= 0, for all (x,y) ∈ R4 and
Λ ∧ Λ = 0,
Λ ∧D(Λ) = 0.
In global coordinates (x,y), the regular Poisson tensors Λ of rank 2 takes the
form (8) with Ψ · Φ = 0 and Ψ2 +Φ2 6= 0. The Jacobi identity reduces to
equations
Ψ ·
(
rotΨ +
∂Φ
∂y
)
= 0,
Φ×
(
rot(Ψ) +
∂Φ
∂y
)
+ (div Φ)Ψ = 0.
Notice that if Λ is a regular Poisson structure of rank 2, then for any smooth
function λ 6= 0, the tensor λΛ is also a regular Poisson structure having the same
characteristic foliation. Moreover, for any smooth functions f, g with {f, g} 6= 0
we have the following representation,
Λ =
1
{f, g}
Xf ∧Xg. (69)
In particular, in the open set Φ · x 6= 0 we have
Λ =
(
−1
Φ · x
)
X( 12x2)
∧Xy. (70)
In the open domain where Φ 6= 0, the regular Poisson tensor Λ takes the
form
Λ = (Φ× Σ)
∂
∂x
∧
∂
∂x
+Φ
∂
∂x
∧
∂
∂y
= Φ
∂
∂x
∧
(
Σ
∂
∂x
+
∂
∂y
)
, (71)
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for some vector function Σ and the Jacobi identity reduces to the single equation
Φ
∂
∂x
∧
[
Σ
∂
∂x
+
∂
∂y
,Φ
∂
∂x
]
= 0. (72)
The Hamiltonian vector field XH , at each point, belongs to the distribution
generated by the vector fields Φ ∂
∂x
and Σ ∂
∂x
+ ∂
∂y
and takes the form
XH = −
(
LΣ ∂
∂x
+ ∂
∂y
H
)
Φ
∂
∂x
+
(
LΦ ∂
∂x
H
)(
Σ
∂
∂x
+
∂
∂y
)
. (73)
The foliated symplectic form ω is
ω =
1
Φ2 + (Φ× Σ)2
(Φdx) ∧ (Σdx + dy), (74)
and the modular vector field ZΛ (45) is given by
ZΛ =
([
Σ
∂
∂x
+
∂
∂y
,Φ
∂
∂x
]
− div(Φ)
(
Σ
∂
∂x
+
∂
∂y
)
+ div(Σ)Φ
∂
∂x
)
. (75)
Taking into account (75) we verify that ZΛ is always a tangent Poisson vector
field to the symplectic leaves. Notice that, on the domain where div(Φ) 6= 0,
formula (75) allow us to write down the Poisson tensor (71) in the form
Λ =
1
div(Φ)
ZΛ ∧
(
Φ
∂
∂x
)
. (76)
Any rank two regular foliation on R4 is generated by two independent 1-
forms α, β, with α ∧ β 6= 0, and satisfying the integrability conditions
dα ∧ α ∧ β = 0, (77)
dβ ∧ α ∧ β = 0. (78)
In this case, the 2-tensor Λ defined by the the relation
α ∧ β = iΛΩ, (79)
is a regular Poisson tensor.
Furthermore, using the local expressions for α, β given by α = Adx + a dy
and β = Bdx+ b dy, the 2-tensor field Λ in (79) takes the form
Λ = (bA− aB)
∂
∂x
∧
∂
∂x
+ (A×B)
∂
∂x
∧
∂
∂y
, (80)
If α ∧ β is a closed 2-form, then the modular vector D(Λ) vanishes and the
Poisson structure Λ is unimodular.
We summarize the previous discussion in the following result.
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Proposition 14 Given a 2-dimensional integrable distribution F on R4 gener-
ated by two independent 1-forms α and β satisfying (77)-(78), there exists a
Poisson structure Λ having F as its characteristic foliation.
For a regular foliation defined by the level sets of two independent functions
f and g, we can improve Proposition 14 constructing a Poisson structure which
has the additional property of possessing a basis of vector fields, transversal to
the foliation. This kind of srtuctures are called transversally constant Poisson
structures [18].
Given two independent smooth functions f , g, we are going to construct
a Poisson structure with the above properties, in the following way: Take a
symplectic Poisson tensor Λ = (Ψ,Φ) on R4 with {f, g} 6= 0; then, consider the
2-tensor ∆ given by
∆ = Λ−
1
{f, g}
Xf ∧Xg. (81)
The 2-tensor ∆ in (81) is a regular Poisson having f and g as its Casimir
functions and the vector fields
W1 =
1
{f, g}
Xf , W2 =
1
{f, g}
Xg, (82)
as independent Poisson vector fields, transversal to its symplectic leaves. The
tensor ∆ in (81) is called the Dirac–Poisson tensor associated to Λ and con-
straint functions f and g.
Taking into account the decomposition (58), the Poisson tensor ∆ takes the
form
∆ = −
Ψ · Φ
{f, g}
S(df,dg),
and then, ∆ is a regular Poisson structures having the desired properties.
From the above discussion, given any regular foliation defined by the level
sets of two independent smooth functions f and g we can take any symplectic
structure Λ and multiply the 2-tensor S(df,dg) by the factor λ = −
Ψ·Φ
{f,g} to have a
transversally maximal Poisson structure whose characteristic foliation coincides
with the level sets of f and g. Notice that, in general, the constructed tensor ∆
is not unimodular.
Proposition 15 For any regular foliation F of rank 2, defined as the level sets
of two independent smooth functions f and g, there exists a transversally con-
stant regular Poisson structure, having F as its characteristic foliation.
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